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We study quantum Darwinism — the redundant recording of information about the preferred states 
of a decohering system by its environment — for an object illuminated by a blackbody. In the cases 
of point-source and isotropic illumination, we calculate the quantum mutual information between 
the object and its photon environment. We demonstrate that this realistic model exhibits fast 
and extensive proliferation of information about the object into the environment and results in 
redundancies orders of magnitude larger than the exactly soluble models considered to date. 
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The theory of decoherence [I] is the foundation of the 
modern understanding of the quantum-classical transi- 
tion. However, the standard analysis largely ignores the 
environment by tracing over it when, in fact, the envi- 
ronment plays a crucial role in how real observers find 
out about the world. Classically, properties of systems 
are objective in that they can be independently mea- 
sured and agreed upon by arbitrarily many observers 
without disturbing the system itself. This can arise in 
a purely quantum universe when many copies of infor- 
mation about a system's properties are imprinted onto 
the environment. Under the condition of effective deco- 
herence, this information can only describe the pointer 
states of the system, not superpositions thereof [2]. In 
this sense, pointer states are distinguished not only for 
forming the stable basis in which the density matrix of 
the system diagonalizes but also for being redundantly 
copied into the environment. Quantum Darwinism [3] is 
a framework for analyzing the flow of information about 
these "fittest" states, helping to elucidate the origin of 
classical objectivity. 

Quantum Darwinism has been investigated for a spin- h 
particle monitored by a pure @] and mixed |S] bath of 
spins and a harmonic oscillator monitored by a pure bath 
of oscillators [8] . These studies support the intuition 
that redundant proliferation of pointer-state information 
should be common in decohering systems, but the models 
are abstract and limited in size by the feasibility of nu- 
merical calculations. Therefore, they do not allow one to 
estimate the redundancies expected in physically realis- 
tic systems. In this Letter we shed light on this question 
by considering an object illuminated by a black body. 

When an object in a macroscopic superposition is ex- 
posed to radiation, scattering photons will quickly reduce 
its pure, nonlocal state to a mixture of localized alterna- 
tives via collisional decoherence [3] ■ (See also [TUHT2] for 
refinements and corrections.) The fantastic rate of col- 
lisional decoherence has been confirmed experimentally 
[T51 [Tl] . Here we investigate this process as an example 



of quantum Darwinism. 

Following Joos and Zeh [9], we consider a dielectric 
sphere of radius a and relative permittivity e initially in 
a superposition, so that ^(x)! 2 ~ [5{x— xi)+6(x— X2)]/2 
for some Ax = \xi — x*2\ (see Fig. [I]). We ignore the self- 
Hamiltonian of the object so that its effective Hilbert 
space S is spanned by the two position eigenstates. The 
sphere is illuminated from a single direction by radiation 
from a point-source black body at a temperature T. 

Observers typically access a small part of the environ- 
ment (in this case, the photons that enter one's eye), so 
we will estimate how much information about the object 
is available in a subset of the environmental photons. We 
assume our environment consists of a large but fixed num- 
ber N of photons: £ = &ii where Si is the Hilbert 
space of a single photon in a box of volume V. We then 
define J-f — (££)n=i ^ to ^ e the fragment corresponding 
to some fraction / of the environment composed of fN 
photons. Since the photons have identical initial condi- 
tions and interactions, the choice of photons with which 
to construct the fragment is unimportant. To get our fi- 
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FIG. 1. A dielecric sphere of radius a and permittivity e is ini- 
tially in a superposition with separation Ax — \xi — X2\. The 
object is subjected to plane-wave radiation with thermally 
distributed wavelength A and propagating in a direction h 
that makes an angle 8 with the vector Ax. 
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nal results, we will take V and N to infinity while holding 
the photon density N/V constant. 

The primary quantity investigated will be the quan- 
tum mutual information Xs.j — H$ + Hj — Hg j be- 
tween the system S and fragment J 7 , where H denotes 
the von Neumann entropy. From this we will calculate 
the redundancy Rs , which is the number of distinct frag- 
ments in the environment that supply, up to an informa- 
tion deficit <5, the classical information about the state of 
the system. More precisely, Rs — 1/fs, where fs is the 
smallest fragment such that T-S:F f — (1 — S)Hs. (Only 
very large fragments / > 0.5 will have complete classical 
information about the object [4].) 

The sphere and the photons in the environment 
are assumed to be initially unentangled: 

P% <8> P° ® ' ' ' ® 



P = 

where p$ and p e are the 



density matrices of the system and of a single photon, 
respectively, and a superscript "0" denotes prescattering 
states. The photon momenta are distributed according to 
p a e = J °° dkp(k)k 2 \k)(k\ forp(fc) oc k 2 /[exp{kc/k B T)-l] 
and n = ki a unique direction. 

The decoherence of the superposition is governed by 



\{^l\ps\X2)\ 2 ='y N \{xi\p%\X2)\ a , 



where 
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and Sg p is the scattering matrix acting on the single pho- 
ton state when the particle is located at x p . Because 
7 controls the suppression of the off-diagonal terms of 
the object's density matrix in the position basis, 7 and 
r = j N are the decoherence factors attributable to a sin- 
gle scattering photon and the environment as a whole, 
respectively. The two-dimensional ps can be diagonal- 
ized and its entropy is 



ff 5 =ln2-^ 



(3) 



■f 2n(2n - 1) 

= In 2 - Vf arctanhVf - In Vl - f, (4) 

We use the classical cross section of a dielectric sphere 
|15j in the dipole approximation (A ^> a) and assume the 
photons are not sufficiently energetic to resolve the su- 
perposition individually (A 3> Ax). We further assume 
that the object is heavy enough to have negligible recoil 
and that photon energy is conserved. Under these con- 
ditions, the key matrix element (which coincides with 7 
in the case of monochromatic radiation) is 



\{k(X)\S^S 22 \k(X))\ 2 
1 256 7T 7 
V 15 
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to leading order in 1/V. Above, a = a[(e— l)/(e— 2)] 1 / 3 
is the effective radius of the object and t is the elapsed 



time. The states |fc(A)) are photon momentum eigen- 
states with wavelength A making an angle 9 with the 
separation vector Ax. 

For increasing V , photon momentum eigenstates be- 
come diffuse so individual photons decohere the state 
less and less (i.e. 7 — > 1). This is balanced, of course, 
by an increasing number of photons in the box, which 
will lead to a finite decoherence factor for the whole 



environment, T 
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In the V 



00 limit we use 



< = limo_j.no (1 + 1/?) 9 to get T = exp(— t/rrj), where 
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and C r = 161280 C(9)/tt 3 rj 5210 is a numerical con- 
stant. We have replaced the photon density N/V with 
the more physical irradiance I (radiative power per unit 
area). Given Eq. ([T]), we identify td as the decoherence 
time. Although the rate of decoherence (and, as we shall 
see, the redundancy) depends on the angle of illumination 
9 , decoherence is usually so rapid that it hardly matters. 

To get the mutual information, we can avoid calculat- 
ing Hsjr by using the identity [Eq. (8) of [3]] 



ts-.T — [Hjr — H^] + [H sd£ — H S d£ /_-] 



(7) 



where HgdS = H$ is the entropy of the system as de- 
cohered by the entire environment E and H$ c i£ it is the 
entropy of the system if it were decohered by only £ / J- . 
We obtain H Sd£ jjr from Hs , Eq. ^ , by making the re- 
placement r — > r 1 ^? . Despite the mixedness of the envi- 
ronment, it is possible to diagonalize the post-scattering 
state pjr to get Hjr because of the special form of our 
model; the photons are of mixed energy but are in direc- 
tional eigenstates, while the elastic scattering conserves 
energy but mixes photon direction. This allows us to 
write 



PT 
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where we have broken the momentum eigenstates into 
a tensor product |A;,-) = \ki)\n)/ki of magnitude and di- 
rectional eigenstates. Above, \T = • ■ • > ^/Jv) is the 
vector of the magnitudes of the photon momenta of 
p{xf) = Tii=iP(ki) is the momentum probability dis- 
tribution, and \xf){xA = ®f=i \h)(h\- S%* is defined 
by 

s Sp \h) = s 3p \ki)\h)/k = \h)s k J p \h)/k. (10) 

We then have 

Hj = fNH° e + J Axjp{xt) Hi , (11) 
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where is the entropy of (Pi and H® — Hj?/fN is 
the initial entropy of a single thermal photon (which di- 
verges since the photon Hilbert space is infinite dimen- 
sional). Although the conditional state p^. lives in an 
infinite-dimensional vector space, it has only two nonzero 
eigenvalues, 
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After plugging these into the formula for entropy, we can 



perform the integral in Eq. (11). The divergent pieces 



cancel in the mutual information and we are left with 

p(i— f)n _ p/n _ pn 



Z S: ^=ln2 + £ 



2n(2n - 1) 



(13) 



The mutual information is plotted in Fig. |2(a) as a 
function of / for different values of t. This is a partial 
information plot [2j|4j[7|. It charts how much information 
about the object is available to an observer depending 
on the size of the fragment captured. For times t 3> 
td , the mutual information has a distinctive plateau that 
indicates redundancy. 

The summations in ( 13 ) can be written in a closed 
form analogous to Eq. (41, but the power series is more 
useful for calculating the redundancy. For large times, 
r = exp(— t/rr)) is exponentially small and the sum is 
dominated by the lowest power of V. If / < 1/2, then 
/ < (1 - /) < 1 and 
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-Tf. 



(14) 



This allows us to estimate the redundancy (for 5 < 0.5) 
in the limit t~^> Tr>: 



Rs 



1 t 
ln[(2<Sln2)- 1 ]^' 



(15) 



The key points are these: First, the redundancy de- 
pends only weakly (logarithmically) on the information 
deficit S, which is consistent with previous results [51ll7j. 
Second, the redundancy increases linearly with time at a 
rate given by the inverse of the decoherence time. This 
is intuitive because (1) photons scatter off the object 
at a constant rate and (2) it is precisely the depen- 
dence of photon out states on the position of the object 
(roughly corresponding to a record) that causes decoher- 
ence. Since even very tiny objects have extremely short 
decoherence times [HE], the redundancy quickly becomes 
enormous. 

It should be noted that there will not be strong re- 
dundancy if the object is illuminated uniformly from all 
directions — despite the fact that the rate of decoherence 
is simply given by averaging Eq. ([6| over the solid angle. 
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(b)Isotropic illumination 

FIG. 2. The quantum mutual information Is-.Ft versus frag- 
ment size / at different elapsed times for an object illumi- 
nated by (a) point-source blackbody ra diat ion, Eq. (13 1, and 
(b) isotropic blackbody radiation, Eq. ( |17[ ). 

(a) For point-source illumination, individual curves are la- 
beled by the time t in units of the characteristic time td , Eq. 

For t < td (red dashed lines), the information about 
the system available in the environment is low. The linear- 
ity in / means each piece of the environment contains new, 
independent information. For t > td (blue solid lines), the 
plateau shape of the curve indicates redundancy; the first few 
pieces of the environment give a large amount of information, 
but additional pieces just confirm what is already known. On 
the plateau, the mutual information approaches it's maximum 
classical value, Is-.Tj = 1 bit = In 2 nats w 0.69 nats. The 
remaining information (i.e., above the plateau) is highly en- 
coded in the global state, in the sense that it can only read 
by capturing almost all of £. 

(b) For isotropic illumination, the same time slicing is used 
but there is greatly decreased mutual information because 
the directional photon states are already "full" and cannot 
store more information about the state of the object. Zero 
redundant copies are produced and the mutual information 
approaches as t — > oo for all / < 1. 
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For isotropic illumination, Hjr 



H% and 



%S:Ff — H Sd£ — H Sd£ /jr 



oo 

E 
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p(!-/)™ _ Y r ' 
2n(2n - 1) 



(16) 
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which, for large times, vanishes for all proper fragments. 
This is plotted in Fig. |2(b)| which shows that the mutual 
information barely rises from zero before fading away, 
never yielding a single redundant copy. This behavior is 
due to the fact that the component of the environment in 
which information about the object is stored — the photon 
directional states — is initially fully mixed and so cannot 
hold any new information. 

However, this situation is very unnatural since the di- 
rectional photon states must be perfectly mixed. In phys- 
ical situations (e.g., objects lit by light bulbs, the Sun, or 
ambient light), we expect illumination to be nonuniform 
and the initial mixedness of the photon environment to 
decrease the redundancy by only a factor of order unity, 
in accordance with detailed calculations made of spin-| 
systems [6 . Future research could explore the precise de- 
pendence of the redundancy on the degree of directional 
mixedness as well as investigate the spatial distribution 
of the redundant information. 

We have shown in this Letter that collisional decoher- 
ence, a ubiquitous phenomenon in everyday life, leads to 
the proliferation of information about objects into the 
environment at a rate linear in time and (for most sys- 
tems) on an extremely short time scale. Indeed, after 
being illuminated by the Sun for just 1 /is, a grain of 
dust 1 fim across will have its location imprinted about 
100 x 10 6 times in the scattered photons. Such extensive 
proliferation allows multiple observers to independently 
determine an object's position by monitoring the envi- 
ronment, such that the object has an objective, classical 
location. The redundancy seen in the photon scatter- 
ing system is much larger than the abstract examples of 
quantum Darwinism previously studied because (a) the 
photon environment, like most real decohering environ- 
ments, is essentially infinite and (b) the photons that 
have scattered from the system keep records of its loca- 
tion forever. 
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